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Abstrat
A modied de Broglie-Bohm (dBB) approah to quantum mehanis is
presented. In this new deterministi theory, whih uses omplex methods
in an intermediate step, the problem of zero veloity for bound states en-
ountered in the dBB formulation does not appear. Also this approah is
equivalent to standard quantum mehanis when averages of observables like
position, momentum and energy are taken.
Key words: quantum theory of motion, de Broglie-Bohm approah, tra-
jetory representation, omplex methods.
PACS No(s): 03.65.Bz
1 INTRODUCTION 2
1 INTRODUCTION
In the de Broglie-Bohm quantum theory of motion (dBB) [1-4℄, whih pro-
vides a deterministi theory of motion of quantum systems, the following
assumptions are made [3℄:
(A1) An individual physial system omprises a wave propagating in spae
and time, together with a point partile whih moves ontinuously under the
guidane of the wave.
(A2) The wave is mathematially desribed by Ψ(x, t), a solution to the
Shrodinger's wave equation.
(A3) The partile motion is obtained as the solution x(t) to the equation
x˙ =
h¯
2im
(
Ψ⋆ ∂Ψ
∂x
− ∂Ψ⋆
∂x
Ψ
)
Ψ⋆Ψ
, (1)
with the initial ondition x = x(0). An ensemble of possible motions assoi-
ated with the same wave is generated by varying x(0).
(A4) The probability that a partile in the ensemble lies between the
points x and x+ dx at time t is given by Ψ⋆Ψ dx.
In spite of its suess as a deterministi theory, this sheme has the dif-
ulty that, for bound state problems, the time-independent part ψ of the
wave funtion is real and hene the veloity of the partile turns out to be
zero everywhere [3℄. This feature, that the partile is always at rest, is not a
satisfatory one in a quantum theory of motion.
To have a better understanding of this problem, let us reall that in the
the lassial Hamilton-Jaobi theory, the trajetory for a partile may be
obtained from the equation
∂S
∂t
+H
(
x,
∂S
∂x
)
= 0 (2)
by rst attempting to solve for the Hamilton-Jaobi funtion S = W − Et
and then integrating the equation of motion
p = mx˙ =
∂S
∂x
(3)
with respet to time. However, sine the lassial Hamilton-Jaobi equation
is not adequate to desribe the miro world, one resorts to the Shrodinger
equation ih¯∂Ψ/∂t = −(h¯2/2m)∂2Ψ/∂x2 + VΨ and solves for the wave fun-
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tion Ψ. The basi idea of dBB is to put Ψ in the polar form ReiS/h¯ and
then to identify S as the Hamilton-Jaobi funtion. This gives us Eq. (1),
when the partile veloity is given by Eq. (3). For wave funtions whose
spae part is real, the Hamilton's harateristi funtion W = constant and
hene the veloity eld is zero everywhere, whih is the diulty mentioned
above. This is ertainly an undesirable feature in an ontologial interpreta-
tion of quantum mehanis, whih laims to make the theory intelligible and
ausal [2℄. It is true that dBB is altogether a non-Copenhagen physial the-
ory whih requires a `quantum intuition' and it is not justiable to ritiize
dBB for its failure to return to lassial mehanis. However, the fat that
the theory dubs the material system in the most important and wide lass of
bound state problems as stationary, irrespetive of its position and energy, is
ounter-intuitive and hene the theory annot be termed as quantum theory
of motion, at least in these ases.
Another deterministi approah to quantum mehanis, whih also laims
the absene of this problem, is the Floyd-Faraggi-Matone (FFM) trajetory
representation developed by Floyd [5℄. In one dimension, Floyd uses the
generalized Hamilton-Jaobi equation
(W ′)2
2m
+ V −E = − h¯
2
4m

W ′′′
W ′
− 3
2
(
W ′′
W ′
)2 , (4)
where W ′ (′ denotes ∂
∂x
) is the momentum onjugate to x. Reently Faraggi
and Matone [6℄ have independently generated the same equation (referred to
as the quantum stationary Hamilton-Jaobi equation) from an equivalene
priniple free from any axioms. Floyd argues that the onjugate momentum
W ′ is not the mehanial momentum; instead, mx˙ = m∂E/∂W ′. The equa-
tion of motion in the domain [x, t℄ is rendered by the Jaobi's theorem. For
stationarity, the equation of motion for the trajetory time t, relative to its
onstant oordinate τ , is given as a funtion of x by [5, 6, 7℄
t− τ = ∂W
∂E
, (5)
where τ speies the epoh. Thus the dBB and FFM trajetory represen-
tations dier signiantly in the use of the equation of motion, though they
are based on equivalent generalized Hamilton-Jaobi equations. The FFM
trajetory representation does not laim equivalene with standard quantum
mehanis in the preditions of all observed phenomena.
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In this letter, we present a dierent and modied version of the dBB
that surmounts the problem mentioned earlier. In addition, its formulation
is loser to the lassial Hamilton-Jaobi theory than even the onventional
dBB. We apply the sheme to a few simple problems and nd that it is
apable of providing a deeper insight into the quantum phenomena. Also the
new sheme is onstruted in suh a way that it is equivalent to standard
quantum mehanis when averages of observables like position, momentum
and energy are taken.
In an intermediate step in the new formulation, we onsider the analyti
ontinuation of the spaetime into omplex, produing a omplex spaetime.
It is well known that suh omplex spaetimes are put to remarkable use in
the theory of relativity. For example, the transformation of one solution of
Einstein equation into another an on many oasions be aomplished by
means of a simple omplex swith of oordinates. Open and losed Friedmann
models, de Sitter and ant-de Sitter spaetimes, Kerr and Shwarshild met-
ris et. are related by omplex substitutions. The use of omplex variables
in relativity extends to more sophistiated ones like spin oeient formal-
ism, Ashtekar formalism, Twistor theory et. Reently, it was demonstrated
that a Friedmann model with omplex sale fator leads to a remarkably
good nonsingular osmologial model, with none of the main osmologial
problems in standard osmology appearing in it [8℄. The Wik rotation of
the time oordinate t in Minkowski spae to i t, whih hanges its metri into
Eulidean or reversing, going from Eulidean to Minkowski metri is already
familiar in quantum eld theory and quantum gravity as Eulidean Feynman
path integration. Even in quantum mehanis, the tehnique of onsidering
the spae variable as omplex is familiar [9℄. Some more spei usage of
omplex methods inlude the interpretation of spin angular momentum as
orbital momentum but taken about a omplex enter of mass and the in-
terpretation of magneti moment as the eletri dipole moment taken about
a omplex enter of harge [10℄. The present modied dBB sheme may be
onsidered as yet another appliation of omplex methods in quantum theory.
The paper is organized as follows. In Se. 2, we present the basi for-
malism and in Se. 3, we show that the new sheme is onstruted to give
the same statistial preditions as that in standard quantum mehanis. In
setion 4, we apply the sheme to a few simple problems while setion 5 deals
with the problem of ation variable in the new sheme. The last setion gives
our onlusions and disussion.
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2 THE GENERAL FORMALISM
We rst note that in the dBB, the substitution Ψ = ReiS/h¯ in the Shrodinger
equation gives rise to two oupled partial dierential equations, one of whih
is a onservation equation for probability density, and this leads to a situation
apparently dierent from the Hamilton-Jaobi theory for individual partiles.
On the other hand, we note that a hange of variable Ψ ≡ N eiSˆ/h¯ in the
Shrodinger equation (whereN is a normalisation onstant) gives a quantum-
mehanial Hamilton-Jaobi equation [11℄
∂Sˆ
∂t
+

 1
2m
(
∂Sˆ
∂x
)2
+ V

 = ih¯
2m
∂2Sˆ
∂x2
, (6)
whih is loser to its lassial ounterpart and whih also has the orret
lassial limit. Considering Sˆ as a modied Hamilton-Jaobi funtion brings
the expression (3) for the onjugate momentum to the form
mx˙ ≡ ∂Sˆ
∂x
=
h¯
i
1
Ψ
∂Ψ
∂x
. (7)
In this paper, we attempt to modify the dBB sheme in a manner similar to
the latter approah; i.e., we retain assumptions A1 and A2 whereas in A3,
we identify Ψ ≡ N eiSˆ/h¯ and use the expression (7) as the equation of motion.
Note that in this ase, with Ψ as the standard solution to the Shrodinger
equation in any given problem, x˙ turns out to be a omplex variable. Con-
sequently, also x should be omplex. As mentioned in the introdution,
onsidering x as a omplex variable is not entirely new, even in quantum me-
hanis. While disussing the quasi-lassial problems, Landau and Lifshitz
[9℄ use the tehnique of `omplex lassial paths' extensively, as an interme-
diate step. We propose to onsider x as omplex in the general formalism
of quantum mehanis, in the ontext of dBB theory. It is lear that when
x is a omplex variable, the Shrodinger equation itself beomes a omplex
dierential equation. In the following, we onsider only those solutions to
suh equation, obtained by replaing the real x with x ≡ xr + ixi in the
standard solution. From here onwards, we onsider x as a omplex variable.
We restrit ourselves to single partiles in one dimension for simpliity.
The formal proedure adopted is as follows: Identifying the standard solution
Ψ as equivalent to N eiSˆ/h¯, Eq.(7) helps us to obtain the expression for the
veloity eld x˙ in the new sheme. This, in turn, is integrated with respet to
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time to obtain the omplex path x(t), with an initial value x(0). This omplex
solution is obviously quite dierent from the orresponding dBB solution.
The onnetion with the real physial world is established by postulating
that the physial oordinate or trajetory of the partile is the real part
xr(t) of its omplex path x(t). (It is worth realling that this proedure is
ommonly adopted in physial problems whih involve dierential equations
with omplex solutions, as in the ase of a lassial harmoni osillator.) It
an be seen that in the general ase, also this modied dBB trajetory xr(t)
is dierent from the dBB trajetory.
The real part of the veloity eld x˙r, at any point x in the omplex plane
may be found from Eq. (7) as
x˙r =
h¯
2im
[
Ψ⋆ ∂Ψ
∂x
− (∂Ψ
∂x
)⋆Ψ
]
Ψ⋆Ψ
, (8)
an expression quite analogous to the expression for the veloity eld in the
dBB sheme (but not idential with it, sine x˙r is now dened over the entire
x-plane). One an also write x˙r as
x˙r =
h¯
2im
[
Ψ⋆ ∂Ψ
∂xr
− ( ∂Ψ
∂xr
)⋆Ψ
]
Ψ⋆Ψ
, (9)
where use is made of the fat that for omplex derivatives,
∂Ψ
∂x
= ∂Ψ
∂xr
. It is
easy to see that this is idential to the dBB veloity eld at all points along
the real axis x = xr.
We shall note that the new sheme diers from the dBB also in one im-
portant aspet. Here, when the partile orresponds to some point x in the
omplex plane, its physial oordinate is xr and the physial veloity is x˙r,
evaluated at x using (8). Thus for the same physial oordinate xr, the par-
tile an have dierent physial veloities, depending on the point x through
whih its omplex path passes. This in priniple rules out the possibility
of asribing simultaneously well-dened physial position and veloity vari-
ables for the partile. The situation here is very dierent from the dBB in
whih for given physial position of the partile, also the veloity is known,
as obtainable from Eq. (1).
Let us onsider the ase in whih Sˆ = Wˆ − Et, where E and t are
assumed to be real. Then the Shrodinger equation gives us an expression
for the energy of the partile
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E =
1
2
mx˙2 + V (x) +
h¯
2i
∂x˙
∂x
. (10)
The last term resembles the quantum potential in the dBB theory.
3 EXPECTATION VALUES
We reall that in this sheme, for the same quantum state the partile an
have any number of omplex paths, depending on the initial value x(0).
When we alulate the expetation values of dynamial variables, it should
be suh that this is not done for a single partile whih belongs to a partiular
omplex path, but over an ensemble of partiles whih orresponds to all
possible omplex paths. We modify assumption (A4) by postulating that
the average of an observable O is obtained using the measure Ψ⋆Ψ as
< O >=
∫ ∞
−∞
OΨ⋆Ψ dx, (11)
where the integral is taken along the real axis. This an be expliitly written
for x, p and E as
< x >=
∫
xΨ⋆Ψ dx, (12)
< p >=
∫
pΨ⋆Ψ dx =
∫
Ψ⋆
h¯
i
∂Ψ
∂x
dx (13)
and
< E >=
∫
EΨ⋆Ψ dx =
∫
Ψ⋆
(−h¯2
2m
∂2
∂x2
+ V (x)
)
Ψ dx, (14)
where use is made of equations (7) and (10) in equations (13) and (14),
respetively. Note that we did not need to make the onventional operator
replaements in the above expressions. Sine the integral is taken along
the real axis, these oinide with the orresponding quantum mehanial
expetation values. Thus the new sheme is equivalent to standard quantum
mehanis when averages of observables like position, momentum and energy
are omputed using the above presription.
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4 SIMPLE APPLICATIONS
To see how the sheme works, let us onsider the example of the ground state
solution Ψ0 of the Shrodinger equation for the harmoni osillator in one
dimension, the spae part of whih is real. We have
Ψ0 = N0e−α2x2/2e−iE0t/h¯. (15)
The veloity eld in the new sheme is given by Eq. (7) as
x˙ = − h¯
im
α2x, (16)
whose solution is
x = Aeih¯α
2t/m. (17)
This is an equation for a irle of radius |A| = |x(0)| in the omplex plane
(Fig. 1). As proposed earlier, we take the real part of this expression,
xr = A cos(h¯α
2t/m), (18)
[where it is hosen that at t = 0, x(0) ≡ A is real℄ as the physial oordinate
of the partile. It shall be noted that this is the same lassial solution for
a harmoni osillator of frequeny ω0 = h¯α
2/m. However, the nonlassial
feature here is that we have a trajetory for every initial value x(0), though
the energy E has the value 1
2
h¯ω0 for all suh trajetories.
We an adopt this proedure to obtain the veloity eld, also for higher
values of the quantum number n. For n = 1, we have
Ψ1 = N1e−α2x2/2 2αx e−iE1t/h¯, (19)
from whih
x˙ =
h¯
im
(
−α2x+ 1
x
)
. (20)
The solution to this equation an be written as
(αx− 1)(αx+ 1) = Ae2ih¯α2t/m (21)
or
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x =
1
α
√
1 + Ae2ih¯α2t/m. (22)
Here, the solution is a produt of two irles entered about αx = ±1, whih
is plotted in Fig. 2. The physial oordinate of the partile is again given
by the real part of this expression. For n = 2, the solution an similarly be
onstruted as
4αx
(
αx−
√
5/2
)2 (
αx+
√
5/2
)2
= Ae5ih¯α
2t/m. (23)
The omplex path in the x-plane is plotted in Fig. 3. For ases with n ≥ 1,
these paths deviate from the lassially expeted irular ones. Note that in
all these ases, the veloity elds are not zero everywhere, ontrary to what
happens in the dBB.
Now let us apply the proedure to some other stationary states whih
have omplex wave funtions. For a plane wave, we have
Ψ = Aeikxe−iEt/h¯, (24)
so that the equation of motion is x˙ = h¯k/m and this gives
x = x(0) +
h¯k
m
t, (25)
the lassial solution for a free partile.
As another example, onsider a partile with energy E approahing a
potential step with height V0, shown in Fig. 4. In region I, we have
ψI = e
ikx +Re−ikx, k =
√
2mE/h¯2 (26)
and, in region II,
ψII = Te
iqx, q =
√
2m(E − V0)/h¯2. (27)
The veloity elds in the two regions are given by
x˙I =
h¯k
m
(
eikx −Re−ikx
eikx +Re−ikx
)
(28)
and
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x˙II =
h¯q
m
, (29)
respetively. The ontours in the omplex x-plane in region I, for a typial
value of the reetion oeient r ≡ R2 = 1/2, are given by
√
2 cos 2kxIr − e−2kxIi − 1
2
e2kxIi = c (30)
(where xIr and xIi are, respetively, the real and imaginary parts of xI), and
are plotted in Fig. 5. Note that also this ase is signiantly dierent from
the orresponding dBB solution.
Lastly, we onsider a nonstationary wave funtion, whih is a spreading
wave paket. Here, let the propagation onstant k has a Gaussian spetrum
with a width ∆k ∼ 1/σ about a mean value k¯. The wave funtion is given
by
Ψ(x, t) = N
(
2piσ
σ2 + ih¯t/m
)1/2
exp
[
− (x− iσ
2k¯)2
2(σ2 + ih¯t/m)
− σ
2 + k¯2
2
]
. (31)
The veloity eld is obtained from (7) as
x˙ = − h¯
im
(
x− iσ2k¯
σ2 + ih¯t/m
)
(32)
Integrating this expression, we get
x(t) = x(0) +
h¯k¯
m
t + i
h¯
m
x(0)
σ2
t. (33)
Separating the real and imaginary parts of this equation (and assuming k¯ is
real), we get,
xr(t) = xr(0) +
h¯k¯
m
t +
h¯
m
xi(0)
σ2
t, (34)
xi(t) = xi(0) +
h¯
m
xr(0)
σ2
t. (35)
For the partile with x(0) = 0, we obtain xr(t) = (h¯k¯/m)t and xi(t) = 0;
i.e., this partile remains at the enter of the wave paket. Other partiles
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assume dierent values for x(t) at time t as given by the above expression,
whih indiates the spread of the wave paket.
5 ACTION VARIABLE
It is now of interest to alulate the ation variable J for the bound state
orbits in the harmoni osillator problem onsidered above. If we dene
J ≡ ∮ mx˙ dx, where mx˙ is given by Eq. (7), it an be veried that J =
nh (n = 0, 1, 2, 3..) for those partiles whose omplex paths enlose all the
singular points of the integrand. In the general ase, we shall write
J =
h¯
i
∮
∂Ψ/∂x
Ψ
dx
We may note that
∫ ∂Ψ/∂x
Ψ
dx = lnΨ + onstant has a branh ut whenever
Ψ goes from positive to zero through negative. In the harmoni osillator
problem, the integral redues to
J =
h¯
i
∮ [
−α2x+ H
′
n(αx)
Hn(αx)
]
dx =
h¯
i
∮ H ′n(αx)
Hn(αx)
dx
where the prime denotes dierentiation with respet to x. It is easily veried
that for n = 0, J is always zero. For n = 1, J = h¯
i
∮
1
x
dx = h when the
integration is performed over omplex paths enlosing the pole x = 0. From
Fig. 2, it is seen that this happens for the larger nests with A > 1 whereas
for the subnests with A < 1, J = 0. (In fat, the subnests appear to be
physially nonviable single partile solutions.) Similarly for n = 2, J = 2h
when the omplex path enloses the poles at x = ± 1√
2α
and so on. In all
ases, J vanishes for the subnests.
Comparing the value of the ation variable for the present ase with that
of dBB and FFM reveals the fat that the new sheme is quite dierent from
the other representations. In the dBB, J = 0 by preept. FFM has shown
that the J-quantization by Milne [12℄ an be generalized to allow mirostates.
The integrand, the loation of poles and the branh uts in the present ase
dier with that of Milne. Also note that in Milne and FFM, J = nh for
n = 1, 2, 3, .. whereas in the new sheme J = nh, n = 0, 1, 2, 3, .. only for the
larger nests and J = 0 otherwise.
Having obtained the value of the ation variable, one may hek whether
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∂J/∂E = τ is the orbital period in this sheme. For the harmoni osillator,
this is true sine E is linear in n. Whether τ is the orbital period for the
general potential is an interesting open question. Following the arguments
in [11℄, one an see that in spite of the omplexiation involved, τ ≡ 1/ν
is the orbital period if the equation of motion for w ≡ ∂Wˆ/∂E is given by
w˙ = ∂H(J)/∂J . We need to solve more examples to verify this.
Under these irumstanes, one may onlude that the issue of ation
variable is not satisfatorily resolved for the new sheme.
6 DISCUSSION
In summary, we nd that the dBB identiation Ψ = ReiS/h¯, whih itself
is quite arbitrary, does not help to utilize all the information ontained in
the wave funtion while solving the equation of motion mx˙ = ∂S/∂x. In the
present formulation we use a quantum Hamilton-Jaobi equation (obtained
by substituting Ψ = N eiSˆ/h¯ in the Shrodinger equation), whih is loser
to the lassial one. This formalism is already used by some authors (for
example, see [13℄) for other purposes. Employing the equation of state mx˙ =
∂Sˆ/∂x brings the motion to a omplex x-plane. The physial oordinate or
trajetory of the partile is postulated to be the real part of x(t). Solving the
equation of motion in some bound state problems shows why the dBB sheme
gives zero veloity for partiles in these ases; the omplex paths ross the
real axis parallel to the imaginary one, so that x˙r = 0 at these points. The
positive results we obtained for the harmoni osillator and potential step
problems themselves are indiative of the deep insight obtainable in suh
problems by the use of the modied dBB sheme.
It shall be noted that some of the dierenes between FFM and dBB
trajetories are still there between FFM and modied dBB trajetories. But
as laimed in the paper, modied dBB has many advantages over dBB tra-
jetories. An outline of suh dierenes between FFM, dBB and modied
dBB trajetories an be made as follows:
(i) dBB and modied dBB need probability to obtain expetation val-
ues of observable physial quantities. But FFM trajetories do not involve
probability.
(ii) dBB and modied dBB have similar equations of motion. FFM uses
a dierent equation of motion.
(iii) dBB asserts that the possible trajetories for a partiular partile
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should not ross. But FFM and modied dBB trajetories an ross.
(iv) For bound states, the partile in the dBB sheme does not move. But
in FFM and modied dBB approahes, the partiles in bound states have
well-dened trajetories.
(v) The ultimate test of these trajetories lies in experiments involving
time sequene of single systems (whih an be arried out nowadays), rather
than those involving large number of partiles. FFM has already proposed
some experiments whih involve preditions dierent from standard quantum
mehanis. In that sense, FFM is a testable theory. The present modied
dBB formulation is at a disadvantage that as yet it does not provide a physial
example where suh preditions arise. An important avenue to searh for in
this alternative approah is a solution to this shortoming.
A theoretial understanding of the orretness of the equation of motion
used here, in omparison with the equation of motion used in FFM is highly
desirable. This is partiularly so sine we annot expet both theories to be
true while they dier. This omparison an perhaps be made by analysing the
time onept (Floydian time or some standard time) and ould be laried
therefrom. Also this important question is not addressed in this paper.
The presription of x˙ by Eq. (7) is reminisent of Shrodinger's seminal
work [14℄ on the wave funtion. Shrodinger attempted to derive a wave equa-
tion by aepting the lassial Hamilton-Jaobi equation as a phenomenolog-
ial equation and by replaing ∂W/∂x in this equation with (K/Ψ)(∂Ψ/∂x)
where K is a onstant. The present work an be onsidered to be a reversal
of Shrodinger's proess, in whih the attempt is to obtain an equation of
motion for the partile by aepting the Shrodinger wave equation as a phe-
nomenologial equation and by equating (h¯/iΨ)(∂Ψ/∂x) with mx˙. In this
sense, it is loser to Shrodinger's than to dBB.
Generalization of the formalism to more than one dimension is not at-
tempted in this letter. Its appliation to those other physial problems of
interest shall be addressed in future publiations.
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Figure 1: Complex paths in the X-plane (X ≡ αx) for the n = 0 harmoni
osillator ase, where ontours are plotted for X(0) =1, 2, 3 and 4.
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Figure 2: Complex paths in the X-plane (X ≡ αx) for the n = 1 harmoni
osillator ase, where ontours are plotted for X(0) =1.2, 1.35, 1.45 and 1.55.
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Figure 3: Complex paths in the X-plane (X ≡ αx) for the n = 2 harmoni
osillator ase, where ontours are plotted for X(0)=1.8, 1.9, 2.0 and 2.1.
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Figure 4: Potential step, with V = 0 for xr < 0, V = V0 for xr > 0 and
energy E > V0.
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Figure 5: Complex paths for partiles approahing the potential step. Con-
tours for c = -4, -3, -2, -1 and 0 are plotted.
